The mechanical problem of two elastic bodies separated by a thin elastic film is studied here. The stiffness of the three bodies is assumed to be similar. The asymptotic behavior of the film as its thickness tends to zero is studied using a method based on asymptotic expansions and energy minimization. Several cases of interphase material symmetry are studied (from isotropy to triclinic symmetry). In each case, non-local relations are obtained relating the jumps in the displacements and stress vector fields at order one to these fields at order zero.
Introduction
During the mechanical assembly of structures, interphases can have crucial effects. In particular, imperfections in the assembly can lead to structural failure. Although the thickness of interphases is generally very small in comparison with the dimensions of the structure, their mechanical role cannot be neglected and they need to be taken into account in modeling procedures. From the numerical point of view, the thinness of interphases gives rise to problems which are very difficult to solve. In particular, the number of degrees of freedom adopted in studies using a finite element approach can be very large, which affects the convergence and the accuracy of the solution. Interphase modeling therefore has to be performed before solving the problem numerically. One classical technique consists in replacing the thin interphase by an interface of zero thickness, while keeping some important mechanical properties of the interphase. From the geometrical point of view, the interphase is eliminated, although it is accounted for mechanically. The resulting equivalent interface model is simpler to implement in numerical simulations than the original multi-scale problem. This idea was the starting-point of several studies published during the last years (Caillerie, 1980; Ait-Moussa, 1989; Klarbring, 1991; Licht, 1993; Licht and Michaille, 1996, 1997; Ould-Khaoua et al., 1996; Ganghoffer et al., 1997; Geymonat and Krasucki, 1997; Lebon et al., 1997; Zaittouni et al., 2002; Lebon and Rizzoni, 2008; Lebon and Zaittouni, 2010) . To model the equivalent interface, asymptotic techniques are necessary, i.e., we take the thickness of the interface to be a small parameter which tends to zero. Interface models usually relates the stress vector to the jump in the displacement (or in the velocity). In most cases, like in soft interface models (Geymonat et al., 1999; Krasucki et al., 2001; Lebon and Ronel-Idrissi, 2004; Pelissou and Lebon, 2009; Rekik and Lebon, 2010) , this means that not only the thickness of the interface but also its rigidity is small. In the present study on a hard interface model, only the thickness is assumed to be small, and the stiffness of the adherents and the interphase are taken to be similar.
Some studies, focused on adherents and a flat interphase with a comparable level of rigidity (Caillerie, 1980; Abdelmoula et al., 1998; Lebon and Ronel, 2007; Lebon and Rizzoni, 2010) , have already established that at the first order (e ? 0) one obtains a perfect interface model, which prescribes the vanishing of the jumps in the stress and the displacement vectors. At a higher order (the second term in the expansion), an imperfect interface model is obtained, with a transmission condition involving the first order displacement and traction vectors and their derivatives (Abdelmoula et al., 1998; Lebon and Ronel, 2007; Lebon and Rizzoni, 2010) . The higher order term, giving rise to an imperfect interface model, can be interpreted as a correction of the leading solution corresponding to the perfect interface model. All these studies model the interphase as an isotropic, linear elastic material. Even though in many practical cases the adhesive is an isotropic material, typically an epoxy resin, it is possible that the process of producing a thin layer of adhesive causes the material to become anisotropic or layered. In this paper, we extend the results obtained in Abdelmoula et al. (1998) , Lebon and Ronel (2007) , Lebon and Rizzoni (2010) to the case of an anisotropic adhesive.
The equilibrium problem involved in the interphase/adherents system is presented in Section 2. The mathematical methods used so far for this purpose have often been matched asymptotic expansions (Eckhaus, 1979; Sanchez-Hubert and Sanchez-Palencia, 1992) . In this paper, an energy approach is also used. The main assumption adopted, which is introduced in Section 3, is the existence of expansions in series of the displacements and stress vector fields in terms of the small parameter describing the thickness. The second assumption is that we can obtain the fields which are stationary points of the energy of the system by finding the stationary points of the energies obtained at each level in the expansion. In the second part of Section 3, the minimization is performed at orders À1, 0, 1 and 2. Two types of relations are obtained: either an interface relation or an equilibrium relation. In particular, at orders À1 and 1, we obtain conditions on the displacement fields at order zero and order one, respectively, determining the jumps at the interface. At orders 0 and 2, we obtain the equilibrium equations for the adherents written in terms of the displacement fields at order zero and order one, respectively. The former are balance equations for the zero order stress and displacement vector fields associated with a perfect interface law, and the latter are balance equations for the first order stress and displacement vector fields associated with an imperfect interface law, involving tangential derivatives and first order terms. We also find that some (natural) boundary condition arising at order 2 (Eq. (54)) are not verified by the classical asymptotic expansion assumed here. We interpret this as an indication of a phenomenon of boundary layer, whose analysis is beyond the scope of this paper.
In Section 4 and in the Appendices, several cases of anisotropy are analyzed. In the case of isotropy, we obtain the same results as those presented in Lebon and Rizzoni (2010) . In the case of orthotropic symmetry, that of transverse isotropy, in the case where a symmetry axis is running perpendicular and parallel to the interface, and in the case of monoclinic and triclinic materials, we obtain the forms of the coefficients involved in the imperfect interface relations. ). The interphase and the two bodies are assumed to be homogeneous and linear elastic. We take b ijkl to denote the components of the elasticity tensor b at the interphase and a ±ijkl to denote the components of the elasticity tensors a ± of the two bodies. Let e be the strain tensor
Statement of the problem
In 
We also make the following assumptions:
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in the space of kinematically admissible displacements
where
) is the space of the vector-valued functions on the set X e , which are continuous and differentiable as many times as necessary. The assumptions (H1), (H2) and (H3) ensure the existence of a unique minimizer u e in V e (Ciarlet, 1988, Theorem 6.3-2) .
Asymptotic analysis
In this section, the asymptotic expansion method is used to obtain the interface conditions giving the effect of a thin interphase on the mechanical behavior of the composite X e . In order to reformulate the equilibrium problem in an interphase domain independent of e, we introduce the change of variables
In particular, B e is rescaled by a factor e À1 along the interphase thickness and the bodies X e ± are shifted by ±1/2(1 À e) in the same direction, as shown in Fig. 1b . In the new coordinate system, the interphase occupies the domain
and the two bodies occupy the domainsX AE ¼ X e AE AE 1=2ð1 À eÞi 3 , where i 3 denotes the unit vector along the z 3 -axis. Let
n o denote the interfaces between the interphase and the two bodies after rescaling, and let
the configuration of the composite body after the change of variables (Fig. 1b) . Lastly, letC u and C g denote the shifts of C u and C g , respectively.
Let
be the displacement from configuration X of the bodies adjacent to the rescaled interphase, and let
be the displacement from configuration X in the rescaled interphase. In view of the continuity condition (1), we havẽ
Note also that in view of the change of variables, we can write
denote the rescaled external forces. We also rephrase assumption (H2) as follows:
We make no further rescaling assumptions about the unknown displacements, the loads or the elastic properties of the bodies. With these assumptions, the rescaled energy takes the form
where a comma is used to denote partial differentiation and K jl , j, l = 1, 2, 3, are the matrices whose components are defined by the relations
In view of the symmetry properties of the elasticity tensor b, the matrices K jl have the property that
The rescaled equilibrium problem e P e can be formulated as follows: find the pair ðũ e AE ; u e Þ minimizing the energy (18) in the set of displacements
Since we are looking for the behavior of the minimizer of (7) when the interphase thickness e is small, we assume that the minimizing displacements can be expressed as the sum of the series
where the displacement vectors u 1 , u 2 are independent of e. Substituting this expansion into (12) and (13) and inserting the result into (18), we obtain E e ðũ AE ;
We now minimize each of these energies separately. The function class in which we seek the solution of each energy minimization is assumed to be a class of displacements which have finite energy.
Remark. Some considerations on minimization, stationarity and decoupling between orders. We consider a functional f e (u e ). We suppose that the following expansions exist:
In this case the minimization problem f e (u e ) 6 f e (v e ), "v e becomes
and thus f
. . .. If we consider the problem (which is not usually equivalent to the minimization problem):
it becomes formally
Minimization of E À1
The energy is minimized in the class of displacements u 0 2 HðB; R 3 Þ. Since b is a positive definite tensor, the second order tensor K 33 is also positive definite. Therefore, the energy E À1 is nonnegative and the minimizers have the property u 0 ;3 ¼ 0; a:e: in B;
i.e., the minimizing displacements are independent of z 3 in the interphase. Based on this result and the continuity conditions (14), we obtain the following condition onũ 0 evaluated at S
In view of (15) and (16), condition (33) implies that
From the mechanical viewpoint, condition (34) gives a perfect interface condition for the interphase modeling.
Minimization of E 0
Based on (32), the energy E 0 turns out to become independent of u 0 ; u 1 . With a little abuse of notation, we drop the dependence of the these vector fields from the argument of E 0 , which becomes
In view of (33), we seek the energy minimizer in the class of displacements
Using standard arguments, we obtain the equilibrium equations
The last condition states that as expected, the jump in the traction vector across the rescaled interphase B vanishes, and we taker 0 i 3 to denote its constant value.
3.3. Minimization of E 1 Condition (32) makes E 1 independent of u 2 . Again with a little abuse of notation, we drop the dependence of this vector field in the argument of E 1 , which simplifies as
Applying the divergence theorem and using the equilibrium equations (37)- (39), it turns out that minimizers of E 1 also minimize the functional
The corresponding Euler-Lagrange equation takes the form
This relation together with the continuity condition (33) gives the following condition on the jump in the displacement vector field u 1 across the interphase
Note that in view of the conditions (14) of continuity of the displacement fields at the interfaces S ± , the latter condition can be rewritten in the equivalent form
Using the divergence theorem, Eq. (32), the equilibrium equations (37)-(39), and the jump conditions (45), we eliminatẽ u 0 AE ;ũ 2 AE and u 3 from the expression for the energy E 2 and we simplify this expression:
In view of Eq. (43) and of the continuity conditions (14) written for u 1 AE and u 1 , the vector field u 1 can be written in the form
where Sðũ 1 Þðz a Þ :¼ũ 1 ðz a ; 1=2 þ Þ þũ 1 ðz a ; À1=2 À Þ. Substituting (47) and (45) into (46), and integrating with respect to z 3 give
The Euler-Lagrange equations for the minimization problem of the latter functional are
We now add Eqs. (52) and (53) together to obtain the following relation for the jump in the traction at order one, defined as
Again using (14), we rewrite the latter condition as follows:
Relations (45) and (56) are non-local laws for imperfect contact in the minimization problem associated with the rescaled energy (18).
Remark. Condition (54) shows that the asymptotic expansions (21) and (22) do not hold in the neighborhood of @S. More correctly, the energy (48) has to be defined not on the total domain but on a truncated domain defined as ðX AE [ BÞ n T r , where T r is a torus of small radius r > 0 enclosing S. In this case, (54) 
As r tends to zero, there appear concentrated forces on the boundary of S (see Abdelmoula et al., 1998, Eq. (10) ).
Form of the imperfect contact laws with various material symmetries
In this section, the forms of interface laws (45) and (56) for the following classes of material symmetry are deduced: isotropic, orthotropic, transversally isotropic, monoclinic and triclinic.
Isotropy
The thin layer is assumed to be isotropic and E, m and G are taken to denote the Young's modulus, the Poisson's ratio and the shear modulus, respectively.
Using the following expressions:
we obtain the following expressions for the jumps in the displacement components at order one.ũ 
Orthotropic symmetry
It is now assumed that the thin layer is orthotropic and we take
note the Young's moduli, the Poisson's ratios and the shear moduli, respectively. We also recall that ; 
The jumps in the stress components at order one arẽ 
Transverse isotropy (axis 1)
The thin layer is assumed to be transversally isotropic in one of the directions in the plane of the glue (for example along the 1-axis), and we take E 1 , E 2 = E 3 , m 12 , m 13 and G 13 to denote the Young's modulus, the Poisson's ratio and the shear modulus, respectively. Using the following expressions:
we obtain the jump in the displacement at order onẽ 
and the jump in the stress vector at order one r 1 13 
Transverse isotropy (axis 3)
The thin layer is assumed to be transversally isotropic in the orthogonal direction with respect to the plane of the glue and we take E 1 = E 2 , E 3 , m 12 , m 13 and G 13 to denote the Young's modulus, the Poisson's ratio and the shear modulus, respectively. Using the following expressions:
and the jump in the stress vector at order onẽ r 1 13 
Monoclinic symmetry
The thin layer is now assumed to be monoclinic. The jump in the displacement at order one is given bỹ
where A m is a 3 Â 3-matrix, B m is a 3 Â 6-matrix, The non-equal to zero coefficients of A m (5 coefficients) and B m (6 coefficients) are given in Appendix. The jump in the stress vector at order one is given by the relatioñ
where C m is a 3 Â 6-matrix, D m is a 3 Â 4-matrix, The non-equal to zero coefficients of C m (8 coefficients) and D m (6 coefficients) are given in Appendix.
Triclinic symmetry
The thin layer is assumed to be fully anisotropic. The jump in the displacement at order one is given by the relatioñ
where A an is a 3 Â 3-matrix, B an is a 3 Â 6-matrix, The non-equal to zero coefficients of A an (9 coefficients) and B an (14 coefficients) are given in Appendix. The jump in the stress vector at order one is given by the relatioñ
where C an is a 3 Â 7-matrix, D an is a 3 Â 6-matrix, The non-equal to zero coefficients of C an (13 coefficients) and D an (6 coefficients) are given in Appendix.
Conclusion
In this paper, a method is presented for obtaining interface law based on a model for a composite consisting of adherents separated by a thin interphase with a similar stiffness to that of the two adherents. This method is based on two main assumptions: the possible existence of expansions in series in terms of the interphase thickness of the displacement vector fields and stress tensor fields, and the assumption that the minimizations of the energies at each order is equivalent to the minimization of the energy of the initial threedimensional problem. This yields a family of non-local imperfect interface laws, which define a jump in the displacements and in the traction vector fields. Several cases of interphase material symmetry are studied here, resulting in various types of interface laws. In future studies, it is proposed to test the validity of these laws by comparing the results obtained with experimental data, and to implement them in a computational software program. Shear tests and the possible use of digital image correlation method for full-field displacement measurements would allow a validation of the interface laws (Cognard et al., 2008; Nunes, 2010) . A first comparison with results obtained by using the finite element method is performed in Lebon and Ronel (2007) . 
